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In a series of recent papers [4-61 Paul Rabinowitz has proven the existence 
of periodic orbits with prescribed energy for certain hamiltonian systems. The 
ideas to be discussed in the present note arose from an attempt to extend 
Rabinowitz’ theorems to more general systems by canonical transformations of 
the hamiltonian. Our principal discovery is that a simple geometric feature is 
common to all the situations in which the existence of periodic orbits has been 
proven by variational methods. 
1. HYPERSURFACE~ OF CONTACT TYPE 
Let (P, Sz) be a symplectic manifold, SC P a hypersurface. If f: P -+ Be. 
has S as a regular level surface (i.e. f 1 S is constant and df is nowhere zero along 
S), then the hamiltonian vector field & is tangent to S. If 5’ is also a regular level 
surface for g, then dg and df are collinear along S, so there is a nowhere ‘zero 
function o: S -+ [w such that .$f = GE, along S. It follows that orbits of & are 
determined by S itself; only their parameterization depends on the choice off 
In particular, we may speak of “periodic orbits on S” without reference to a 
particular hamiltonian function. 
The line element field _Ep, C TS generated by & admits another geometric 
description. It is the characteristic distribution of the puli back Q8 of Q to S; 
i.e. ZFs consists of those vectors v for which z1 J Q, = 0. 
It is possible under certain conditions to prove the existence of one or more 
periodic orbits on S. We now define a geometric condition which will be seen to 
hold in all cases where variational methods have been used for such existence 
proofs. 
DEFINITION. A hypersurface S in a symplectic manifold (P, .Q) is of cor~tact 
type if there is a l-form w on S such that: 
(i) du = .n, 
(ii) ,<w, e) + 0 for every nonzero 7,’ E 2Ys . 
We call w a contact form for S. 
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An easy argument shows that w defines a contact structure on S in the sense 
that dw is nondegenerate on the null spaces of w. Conversely, every contact 
manifold (S, w) can be realized as a hypersurface of contact type in a sympletie 
(P, Q): let PC T*S be the line bundle generated by w, let J2 be the form 
induced from the canonical symplectic structure on T*S, and identify S 
with the graph of w, considered as a hypersurface in P. 
LEMMA 1. If SC(P,SZ) is of contact type, a?zd f: (P, 52) -+ (P’, Q’) is a 
canonical transformation, then f (S) is of contact type ilt (P’, LY). 
Proof. Obvious. 1 
2. EXAMPLES OF HYPERSURFACES OF CONTACT ~C’YPE 
DEFINITION. A vector field q on (P, 9) is a symplectic dilation if LQ2 = Q. 
The flow generated by a symplectic dilation consists of transformations vt 
such that &2 = etQ. 
LEMMA 2. -4 hypersurface S c (P, 52) is of contact type if and only ;f there is a 
symplectic dilation, dejined on a neighborhood of S in P, zuhich is tranwevse to S. 
Proof. If 7 is a symplectic dilation, we let CT, = 7 J Sz. Then dcij = d(7 J Q) = 
2$Q - 7 J ds2 = B - 0 = Q. Let w be the pullback of w to S. To show that w 
is a contact form for S, we let f be a function having S as a regular level surface 
and will show that <G, tf;> is nowhere zero. We have (~7, tY;> = <7 J Q, .$) = 
Q(7, SF) = --sZ(& , 7) = -(ff] 9, 7) = -(df, 7>, which is nowhere zero 
because 7 is transverse to S. 
Conversely, if w is a contact form for S, we can always find an extension 
8 of w to a neighborhood of S in P such that d6j = 52. To do so, we first choose 
any extension G of w to a neighborhood of S in P. If we write w = ZI + 0, 
we must have d0 = Q - dG, and the pullback of 6’ to S must vanish. Since 
d(SZ - dz) = 0 and the pullback of 52 - dG to S vanishes, we can construct 
such a form 0 by the relative PoincarC lemma (see [9]). 
Now let 7 be the unique vector field such that 7 J Q = & The calculations 
in the first half of this proof, read in reverse, show that 7 is a symplectic dilation 
which is transverse to S. [ 
EXAMPLE 1. Let P = R212 with coordinates (q, ,..., qn , p, ,..., p,), and let 
52 = C dpi A dpi . The radial vector field 7 = =$C (p,(a/ap,) + qi(a/aqi)) is a 
symplectic dilation. A compact hypersurface S _C R?” is transverse to 7 if and 
only if it is star-shaped, i.e., if S is diffeomorphic to the sphere S2n-1 by radial 
projection. So any star-shaped hypersurface is of contact type. 
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EXAMPLE 2. Let P be the cotangent bundle T*X of a manifold X, and 
let Q be the canonical symplectic structure. The radial vector field rf along the 
fibres (C pi(a/api) in the usual local coordinates) is a symplectic dilation. A 
hypersurface S _C T*X for which the projection onto X is a proper map is 
transverse to 7 if and only if its intersection with each cotangent space TZX 
is star-shaped. In particular, the unit cosphere bundle of any riemannian (or 
Finsler) structure on X is of contact type. 
EXAMPLE 3. Let (P, Q) be as in Example 1. Let z: R2” -+ Rn be the projec- 
tion (4, p) ---f 4. Suppose that S has the following properties: 
(9 4s) is a manifold with boundary which is diffeomorphic to the n-disc I)n 
; 
(ii) for each Q in the interior of T(S), the intersection n-l(q) f~ S is 
star-shaped in n-l(q) 
(iii) for each 4 on the boundary of n(S), WI(~) n S consists of the single 
point (q, 0). 
This situation occurs when S is an energy surface corresponding to a “potential 
well”, as in [6] and [lo]. We shall show that S is of contact type. 
Thinking of IRP as T*R”, we take a diffeomorphism of Rpi which maps n(S) 
onto L?, and lift it in the usual way to a canonical transformation of OP. This 
does not affect properties (ii) and (iii), and we may assume now (using Lemma 1 
eventually), that z(S) is equal to P. 
Next we consider the radial vector field Q = Cpi(8/&), which is transverse to 
S and points in the outward direction except along the sphere P-r = S n 4 
(iiP), where Q is tangent to S. If f is a function having S as a regular level 
surface and increasing in the outward direction, we have (df, qr> > 0 everywhere 
on S, with strict inequality everywhere except on S’+l. Now let Q be the radial 
fieldx q,(a/aq& Along P--l, we have (df, ?a\/ > 0, so if we let q = (I-E)Q+-CQ, 
a small enough choice of E will give (df, qj > 0 everywhere on S. Furthermore, 
.Z@ = (1 - c)oEnlQ + gn,Jz = .R, so q is a symplectic dilation transverse to 5’: 
and S is of contact type by-lemma 2. 
3. DISTINGUISHED ORIENTATIONS 
The next properties of hypersurfaces of contact type will be used later to 
show that certain hypersurfaces are not of contact type. 
LEMMA 3. If S C (P, Q) is a compact, connected hypersurface of contact 
type with HI(S; 08) = 0, then there is a distinguished orientation for ~2’~ , deter- 
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mined by those ge?rerating vector Jields 5 such that <t, U> > 0 for any contact 
f arm W. 
Proof. \Ve must show that, if g generates .Z& and wr and w2 ase contact 
forms for S, then (f, wr j and (5, w2) h ave the same sign. Since H1(S; rW) = 0 
and dw, = d+ , we must have we = w1 + d0 for some function 8: S -+ R. 
Since S is compact, B must have a critical point, at which <0, S) = 0. At this 
point, <wr , E) = (wa , &, so (wl, f> and <wp , E) have the same sign 
everywhere. 1 
Since the symplectic structure on P pairs the line element field 9” with the 
normal bundle to S in P, we may conclude from Lemmas 1 and 3 that there is no 
canonical transformation from a neighborhood of S in P to itself which reverses 
the sides of S. In other words, a compact simply connected hypersurface of 
contact type has a naturally defined “inside” and “outside”. This phenomenon 
was first pointed out to the author by E. Calabi for the case of the unit sphere 
in IWan. 
Before starting the next lemma, we recall that an orbit (i.e. integral curve) 
y: W + D for 2” is recurrent if there is a sequence t, + co such that y(tn) + y(O)). 
For example, a periodic orbit is recurrent, as is an orbit which wraps densely 
around a torus. 
LEMMA 4. Let S _C (P, Q) be of contact type, with H1(S; [w) = 0. If y 
is a recurrent ofbit fey Zs , orierzted as in Lemma 3, and a7 9 is any 1 -j&m on S 
such that dp, = Q, , then (9, y(t)> must be positive for some value of t. 
Proof. As in Lemma 3, we must have p) = w + de for some function 8. 
Denoting the restriction of y to [0, T] by or , we have 
Now JVr w is a strictly increasing function of T, while the sequence s,,r de = 
wt9J> - e4w aPP roaches zero. It follows that J,,, v is positive for IZ s&cient 
large, so <v, q(t)> must be positive for some t. 1 n 
Using Lemma 4, we will now exhibit an example of a hypersurface which is 
not of contact type. By Lemma 1, it cannot be mapped canonically onto hyper- 
surfaces of the kind considered in Examples 1, 2, and 3. 
EXAMPLE 4. We begin with the ellipsoid E _C R4 defined by q12 + plB + 
h2(q,” + p,“) = 1, where h may be any positive number. E is star shaped and is 
of contact type, by Example 1. Let E, and E2 be tubular neighborhoods around 
the periodic integral curves yr and yn for 2E obtained by intersecting E with 
the (ql , $3 and (q2, pa) planes. Let or and V$ be the outward normal vectors 
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to El and E2 . ;L’ow vve can embed a 3-sphere S in R4 in such a way that S 
contains E, and Ea , and such that the outward normal to S is v1 along E, and 
-v2 along E, . (Figure 1 is a schematic picture of S.) 
Now apply Lemma 4 to S with v equal to the form +(zpi (ajappil q&a/@)) j Q 
of Example 1. If S were of contact type, the orientation of 9s along El and Es 
would be determined by the signs of (v, yi(t)) and (v, p?(t)). Thus, the distin- 
T v2 
Ez 
/:-_>- 
El “1 
E 
FIGURE 1 
guished outward normal to S would have to agree with vr along El and va along 
E, . But vi and vZ lie on opposite sides of S, so they cannot both agree with 
distinguished normal. We conclude that S is not of contact type. 
4. PERIODIC ORBIT THEOREMS 
For which compact hypersurfaces S C (P, Q) is it possible to prove the 
existence of a periodic orbit (i.e. a closed integral curve) for di”,? There are 
several situations in which the existence of such a periodic orbit has been demon- 
strated by variational methods. 
Historically, the first situation is that of periodic geodesics. Here, P is the 
cotangent bundle T*X of a riemannian manifold, and S is the unit cosphere 
bundle. This fits the framework of Example 2 above. Integral curves of 9% 
correspond to geodesics on X, and the existence of a periodic geodesic on a 
general compact riemannian manifold was first established by Lusternik and 
Fet [3] following earlier results by PoincarC, Birkhoff and others. (See the books 
[l] and [2] for further discussion.) 
The next case of interest is that considered by Seifert [S], in which P = Wnj 
and S is a level surface of H(q, p) = +xg&q) p,p, + V(g), where g&) is a 
positive definite matrix for each 4. Seifert showed that, if zero is a regular 
value of V, and if V-I(- co, 0] is diffeomorphic to a disc, then there is a periodic 
orbit on S = N-l(O). This case fits Example 3 above. 
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Recently, Rabinowitz [4] has proven the existence of a periodic orbit on S 
whenever S is a star-shaped hypersurface in 08 2n. A similar result, but only for 
convex S, was obtained at the same time by the author [lo]. These theorems 
fit Example 1 above. 
Finally, Rabinowitz [6] has now proven the existence of a periodic orbit 
whenever S is as in Example 3 above. 
The cited theorems are all proven by variational methods applied to functionals 
which involve, in one way or another, action integrals of the form et w, where (T 
is a closed curve and &J = Q. Example 4 above shows that we cannot use 
canonical transformations to extend the variational results to arbitrary S, eve 
if S is diffeomorphic to a sphere. (The example as given does have two obvious 
periodic orbits. A similar example can be constructed using invariant tori rather 
than periodic orbits to give the contradiction to contact type; still, nothing 
precludes the possibility of periodic orbits occurring elsewhere.) 
So it is still unkpown whether S being diffeomorphic to a sphere implies the 
existence of a peripdic orbit. There do exist vector fields on spheres without 
periodic orbits--7, 1 I], but these examples are not hamiltonian. 
All this data leads us to make the following: 
Conjecture. If S _C (P, Sz) is a compact hypersurface of contact type with 
W(S; [w) = 0, thep Zs has a closed orbit. 
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